ON THE FOURIER TRANSFORM OF THE SYMMETRIC 
DECREASING REARRANGEMENTS 
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Resume. Inspired by work of Montgomery on Fourier series and Donoho- 
Strak in signal processing, we investigate two families of rearrangement 
inequalities for the Fourier transform. More precisely, we show that the 
behavior of a Fourier transform of a function over a small set is 
controlled by the behavior of the Fourier transform of its symmetric 
decreasing rearrangement. In the case, the same is true if we further 
assume that the function has a support of finite measure. 

As a byproduct, we also give a simple proof and an extension of 
a result of Lieb about the smoothness of a rearrangement. Finally, a 
straightforward application to solutions of the free Shrodinger equation 
is given. 



1. Introduction 

The use of rearrangement techniques is a major tool for proving functional 
inequalities. For instance, it has been used extensively for proving the boun- 
dedness of the Fourier transform between weighted Lebesgue spaces (see e.g. 
[JSll IJS2I IBH| and the references therein). Let us mention that a weighted 
inequality for the Fourier transform was proved in |BHj with the help of a 
result of Jodeit-Torchinsky [JTj showing that an operator that is of type 
(1,00) and of type (2,2) satisfies some rearrangement inequalities. 

Results mentioned so far deal with the rearrangement of Fourier trans- 
forms and not with Fourier transforms of rearrangements. As the two ope- 
rations are of course far from commuting, it is thus not possible to deduce 
anything from them about the behavior of the Fourier transform of the rear- 
rangement of a function. In that direction, a remarkable theorem is due to 
Lieb |Li1 Lemma 4.1] that shows that the decreasing rearrangement preserves 
smoothness : 

Theorem 1.1 (Lieb for s = 1 [Li], Donoho-Stark for < s < 1 [DSl] h Let 

d > 1 be an integer and < s < 1. Then there exists a constant Cg such 
that, for every Lp in the Sobolev space H^{M.'^) i.e. 

Mj,. := moiHi + ICl'Yd^y < +00, 
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Further results relating smoothness and rearrangements may be found e.g. 
in papers by A. Burchard |Bu| . B. Kawohl |Ka| . The best possible estimate 
for second order derivatives was obtained by Cianchi [Ci]. We will also show 
some sort of dual version of it, namely that Hv^H^ < Cs|||(^|*||^ if s < 0. 

In this paper, we are mainly dealing with a slightly different type of esti- 
mates. Namely, we will show that the frequency content of the rearrangement 
of a function controls the frequency content of the function. We first show 
an "L^-result" which may be stated as follows : 

Theorem 1.2. Let 5", ^2 > 0. Then there exists a constant C = C{S,0,) such 
that, for every if S L^{M.'^) with support of finite measure S, and for every 



This theorem is inspired and generalizes a result of Donoho and Stark 
which states that, for d = 1, C{S,0,) = 1 provided QS is small enough, 
a result that we will generalize to higher dimension. One does not expect 
C{S, to be bounded when S +oo so that the hypothesis on the support 
of if may not be lifted. Nevertheless, we show that the result can be somewhat 
improved by taking Bochner-Riesz means. 

We also show that in the "L^-case" the situation is better : 

Theorem 1.3. Let d be an integer. Then there exists a constant Kd such 
that, for every set S C of finite positive measure and every ip G L'^{W^), 



where r is such that |i?(0,r)| = 

The similar estimate for Fourier series was previously obtained by Mont- 
gomery [Mo| . The result of Montgomery has also been generalized to Fourier 
transforms in a different way in [JSll IJS2| where rearrangements of Fourier 
transforms are considered rather than Fourier transforms of rearrangements 
as in Theorem 11.31 

Theorem 11.31 should be compared to Theorem II. 1[ Both theorems state 
that one can control one of the Fourier transforms of or of p* by the other 
one in a weighted L^-sense. Our results show that if the weight is "small" 
{e.g. the characteristic function of a set of finite measure), then ip* controls 
(p. In Lieb's result, the weight is "big" and the control goes the opposite way. 
We conjecture that this is also the case when the weight is the characteristic 
function of the complementary of a set of finite measure, at least when p has 
a support of finite measure. We will show how this would imply an optimal 
generalization to higher dimension of an uncertainty principle proved by F. 
Nazarov in the one-dimensional case. 



(1.1) 
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Further, Theorem 11.31 may be interpreted in the following way : assume 

that (/? has a big "high-frequency component", in the sense that / 

Jt. 

stays large for all S in a set of balls of radius 1 and centered away from 0, 
then (p* must be big near to 0. In other words, high-frequency oscillations 
are "pushed" to low-frequency oscillations by symmetrization. 

The paper is organized as follows. In the next section, we introduce the 
necessary notation and prove a few simple preliminary lemmas. In Section 
3, we prove Theorem 11.11 and its "dual" version. The following section is 
devoted to the proof of Theorem II. 2[ We pursue with the generalization 
of Montgomery's Theorem and present a conjecture related to Nazarov's 
Uncertainty Principle. We then give a direct illustration of the result in 
terms of solutions of the free Shrodinger equation. Finally, we explain how 
to extend our results to other symmetrizations. 

2. Preliminaries and Notations 

2.1. Generalities. Throughout this paper, d will be an integer, d > 1. On 
W^, we denote by (., .) and |.| the standard scalar product and the associated 
norm. For a G M'^ and r > 0, we denote by B{a,r) the open ball centered at 
a of radius r : B{a, r) = {x ^ : |x — a| < r}. 

The Lebesgue measure on is denoted dx and we write \E\ for the 
Lebesgue measure of a Borel set E. The various meanings of \A\ should be 
clear from the context. 

The Fourier transform of (/? G L^(M'^) is defined by 



This definition is extended from L^{R'^) f] L'^(M'^) to ^^(R'^) in the standard 
way. The inverse Fourier transform is denoted ip. 

2.2. Bessel functions and Fourier transforms. Results in this section 
can be found in most books on Fourier analysis, for instance [Grl Appendix 
B]. 

Let A be a real number with A > — 1/2. We define the Bessel function Jx 
of order A on (0, -|-oo) by its Poisson representation formula 

2^A ds 



2Ar(A + i)r(i)7_i^ ' VT 



^2 



— 

Let us define J-\i2{x) = cosx and for A > —1/2, Jx{x) := ^^|x^. Then J\ 
satisfies \ J\{x)\ < Ca(1 + jg ^Iso known that Jx, A > -1/2, 

has only positive real simple zeroes (jA,fc)fc>i- 
We will need the following well-known result : 

(2-2) XB(o.i)(e)= 
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from which we deduce that |xb(oX)('^)I — ~^ I^D ^ thus XB(fi}[) £ 
LP{R'^) for allp> 

More generally, if we denote by (x) = (1 - then 

2.3. Rearrangements. For a Borel subset E of of finite measure, we 
define its d- dimensional symmetric rearrangement E* to be the open ball of 
centered at the origin whose volume is that of E. Thus 

E* = B{0,r) with \B{0,l)\r'^ = \E\. 

Let If he a measurable function on M.'^. We will say that ip vanishes at 
infinity if its level sets have finite measure : i. e. the distribution function of 

//(p(A) = \{x G : > A}|, is finite for all A > 0. This is of course 

the case if 99 G for some p >\. We define the symmetric rearrangement 
via the level-cake representation : 





which has to be compared with the level-cake representation of 1^7 1 : 

j- + 00 

W{x)\= X{s/eM'': |¥'(3/)|>A}(a^)dA. 

Jo 

Rearrangements satisfy many useful properties : 

-\a^\* = \aM\ 

— For a set E of finite measure and for a > 0, {aE)* = aE* . Therefore, 
if we write ipa{x) = ip{x/a), then |(/9q,|*(x) = \ip\*{x/a). 

— if and \lp\* are equimeasurable, that is, for all A > ^(^(A) = /i|^|.(A). 
In particular, ip and \^p\* have same W norm for 1 < p < 00. 

— The following theorems of Hardy, Littlewood and Riesz will be usefull 
{see e.g. |LLl Chapter 3] for a proof) : 

Lemma 2.1 (Hardy-Littlewood). Let ip,ip he non-negative functions vani- 
shing at infinity, then 



ip{x)'4){x) dx < I \lp\* {x)\il)\* {x) dx . 

Lemma 2.2 (Riesz). Let if,ip,x be non-negative functions that vanish at 
infinity. Then 



ip{s)il^{t)x{s - t) ds dt < / / \^\*{s)W{t)\xV{s-t)dsdt 
We will also need the following result which is probably well known : 

Lemma 2.3. If if e LPfR'^), then \ip\*(t) < , , ^^^j]^ , for all t el 

lY-i V / — |^(^o, 1)1 VP|t|fi/P ■' 
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Proof. Prom Bienayme Tchebichev we get Hip{\) < ^ for all A > 0. But 



then, 

|S(0, l)\r'' := |{x G M : \^\*{x) > X}\ = \{y G R'' : \ip{y)\ > X}\ < 



Iff 
XP 



Therefore, for C G IR"* with |C| = 1, ly'l* (^( AFI^fr^r) ^^'^ < ^- Inverting 

||(^|| 

this, we get Ig^rft) < ■; — ; , f , , , , as claimed. □ 

6 \^\ \ J - \B{0,l)\yp\t\^/P 

In a similar way, one may prove that, for a function ip on M*^ that decays 
like \^{x)\ < C(l + then 

(2.3) |^r(t)<C(l + |t|)-^ 

3. Lieb's Theorem and its "dual" version 

Assume that either x G L'^O^'^) and ip G L^{W^) n L^R"^) or vice versa 
(f G L^iR"^) and x e L^iR"^) n ^^(M'^). Then, 



= ^) = {x*^, ^) = ix* f, 'P) 

with Parseval. The computation are justified by the fact that, as x £ L'^{R'^) 
and p G L^(M'^) (or vice versa), x* f ^ L'^{R''-). As p £ L^(IR'^), we may 
apply Fubini to get 

X(6l^(0l^d^ = / / X{x -y)p{x)p{y)dxdy 



< \x\* (x - y)\p\* {x)\p\* (y) dx dy 

with Riesz's Rearrangement Inequality (Lemma l2.2|) . Unwinding the previous 
computations, we thus obtain 

(3.4) / m\m\'dc<[ ixF(e)|M^(o|'de 

Remark 3.1. The hypothesis on p can not be totally lifted. For instance, 
one can not have the inequality with X = XS for large enough S (see |DS2j ). 
However, Theorem \1.3\ gives a good substitute in that case. 

As an application of (13. 4p . let us prove the following : 

Proposition 3.2. Let s > 0, and let p £ . Then 

jRd jRd 
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Proof. Let us recall that, for each s > 0, there exists a number Cg such that, 
for every ^ G M'^, 

Let us define Xu{x) = Cs|u|''~^'^e~'^l"l^e~'^l^l^/I"l^. A simple computation then 
shows that xZiO = Cs|^i|*~'^e~''(^+I^l^)'"l^ Applying (lO) to x = Xu, we 
obtain 

Integrating over -u G M"^ gives the result. □ 



As a second consequence of (13. 4j) . we prove Lieb Theorem and Donoho- 
Stark's extension of it. The proof is directly inspired by Lieb's proof. 

Theorem 3.3. Let d > 1 be an integer and < s < 1. Then there exists a 
constant Cg such that For if in the Sobolev space H^(M.'^), then \\\y^\*\\f{s < 

Proof. The case s = is trivial : 

(3-5) 11^112 = 111^1*112 = ||c^||2 = 11^112. 

If < s < 1, define gsix) = e"'^'^'' for x > 0. Then, gg is completely 
monotonic, that is, for every integer k, {—l)'^d^gs{x) > for x > 0. Accor- 
ding to a celebrated theorem of Bernstein (see e.g. [F^ Chapter 18, Section 
4] or [Wil page 161]), gs is the Laplace transform of a positive measure on 
(0, +00). In particular, there exists a non-negative measure /i^ such that 

r+00 



e--l^l = / e--*l^l d/x,(t). 
Jo 

From (13.41) appHed to x defined by x(i) = t^'^e"'"'^!^/*, we obtain 

/ e--*l«l>(e)|'d^< / e-*l«l'|M^(0|'de. 
Integrating with respect to fJ-s{t), we thus obtain 



With dHSl), it follows that 

/ — — \\v\*{o\dc< — - — 1^(01 de 

Finally, ^ > 7r|C| as t ^ and < 7r|^p'' so that 

Lebesgue's Lemma implies that 

(3.6) / iei'lM^(o|'de< / iePl^(0|'de 
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A new appeal to (l33]l and to the fact that 1 + ~ (1 + \(,\'^y gives the 
result. □ 

Note that for s = 1, 1 + = (1 + l^l"^)" so that Ci = 1. Note also that 
the proof does not extend to s > 1 as is no longer completely monotonic 
in that case. 



4. An extension of a result of Donoho and Stark 

4.1. Higher dimensional generalization of Donoho and Stark's theo- 
rem. We will start this section by giving a simple generalization of Donoho 
and Stark's result. The main purpose of this is to explain the idea of the 
proof of the next theorem which may appear a bit obscure and technical 
otherwise. 

Proposition 4.1. Let d > 1 and a > —1/2. Then there exists a constant 
{) = ^{d, a) such that, for every ^l, S > with $75'^/'^ < and for every 
if G L^[M.'^) with support of finite measure at most S, we have 

Proof. Let R be such that the ball of radius R has measure S, \B{0, R)\ = S. 
Plancherel's Formula shows that 

I m^{i/Vt)^{i) d^ = 2'^/2+«^rf/2r(c, + 1) /■ J-^/2+a(2^^^|x|)v9(x) dx. 

It follows from Lemma [2711 that 

< 2'^/2+"7r'^/2r(a + l) / |J,/2+„(2^f]|x|)||(^(x)|dx 



x|)|(/?|* (x) dx 



= 2'^/2+°^'='/2r(a + l) / |J,/2+„r(27rf7|x|)|vpr(x)dx. 

Jb{o,r) 

In order to complete the proof, it is enough to prove that J^d/2+a has an 
"absolute" maximum at : 

Fact. There exists Eq > such that for all t G [0, e^), Jd/2+a{i) > Jd/2+a{^o) 
and, for all t>eo, \Jd/2+ait)\ < Jd/2+a{<^o)- 

We will postpone the proof of this fact to the end of this section. An 
immediate consequence of this fact is that \Jd/2+a\* = Jd/2+a on [0, eo), 
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thus, if 27rl^|x| < £0 on B{0,R) i.e. QS^/'^ < eo|^(0, l)|^/'^/27r, then 

(4.7) < 2'^/2+"vr'^/2r(a + l) / J,/2+a{27rn\x\M* (x) dx 

Jb{o,r) 

= 2^/2+a^'^/2r(a + i) / j,/,+M^n\x\M*ix)dx 



which completes the proof once we have proved the fact. □ 

Let us now give the proof of the fact (note that this is obvious for the sine 
function) . 

Proof of the fact. First, J^d/2+a is the Fourier transform of a positive func- 
tion and is therefore positive definite : 

J2 '^d/2+a{\U-tj\)^iTj>0 
i,j=l,...,n 

for every integer n, every ti, . . . , i„ S M'^ and every (^i, . . . , ^„ G C. As usual, 
by appropriately choosing the ^j's and the tj's one gets that Jd/2+a{^) is 
maximal at t = 0. As \ Jd/2+a{t)\ < C/t'^/2+i/2+a^ jg enough to show that, 
for every local maximum tj > of \ Jd/2+o\, \ Jd/2+a{U)\ < Jd/2+ai^)- 

To do so, note that from the positive definiteness of J^d/2+a^ for every 
t > 0, the matrix 

^d/2+a(0) Jd/2+a{ti) J'd/2+a{t + U) 
Jd/2+a{'ti) Jd/2+a{^) Jd/2+a{'t) 
\Jd/2+a{t + U) Jd/2+a{t) Jd/2+a{^) 

is positive definite and thus has non-negative determinant. In particular, if 

Jdl2+a{t'i) = ±^d/2+a(0), {Jd/2+a{t + U) ^ Jdl2+a{t)f < 0. It followS that, 

for all t > 0, J'd/2+ai't + ti) = ^J'd/2+a{t), which contradicts the estimate 

\Jd/2Ut)\<cit''i^+'i^+-. □ 



Finally, note that if, as in |DS2| we use Riesz's Inequality (Lemma 12. 2p 
instead of Hardy-Littlewood's Iniequality (Lemma l2.ip . we obtain the follo- 
wing : 

Proposition 4.2. Let d > 1 and a > —1/2 and 'i?(d, a) be the constant 
of Proposition \4-l[ Let cp G L^(M'^) with support of finite measure S. If 
nS^/'^ < ^{d,a)/2, then 



n-''m^{Umm\^ dC 
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4.2. The main theorem. We are now in position to extend this result in 
the following way : 

Theorem 4.3. Let d he an integer and let (3 > | — 1 and a > Let 
S,n>0. Set 



{l + s 
ln(l + s 
1 



i(d-2o-l) ^, ^ d-1 



if a < 2 
ifa = ^ 
if a > ^ 



Then there exists a constant C = C{d,a,P) such that, for every ip G L^{W^) 
with support of finite measure S, for every x, a S M'^, 



-d 



(4.8) 



Remark 4.4. The condition a > that appears here for ■0(s) to he 
constant is the same as the trivial hound for convergence of Bochner-Riesz 
means. Actually hoth hounds only depend on hounds of appropriate Bessel 
functions. 

Proof. It is enough to prove (|4.8p for a = x = and then apply it to 
ipM{t) = ip{t - x)e2*™*. Note that = \ip\* so that the right hand 

side of (jl.ip is unaffected by the change of (p into ip^"-'^^ . 

We may further replace (p by its dilate p{x/Q,) so that, without loss of 
generality, we may assume that Q = 1. More precisely, assume we are able 
to prove that 



(1 - \enm de < ^s) i (i - de 



(4.9) 



for every S > and every functions (p with support of finite measure S. We 
will then apply this to tpn{x) = ip{x/^}) which has support of measure ^I'^S. 
Note that 



/ (i-ie|2)-^(0de = / n^ii-\c\'nmod^ 

On the other hand, \^n\*{x) = \ip\*{x/n) therefore iS'i.O = ^'^l^i^O 
so that 



/ 



i-\e/^'fM*iOd^- 



It is thus enough to prove (14.9(1 . i.e. to assume that Q = 1 in Theorem 14.31 
The beginning of the proof follows the lines of the proof of Proposition 14.11 
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Using Parseval and Hardy-Littlewood's Symmetrization Lemma 12.11 we 
obtain 



< 



fna{t)ip(t) dt 



\mo,\*itM*{t)dt. 



Recall that m^(t) = Cd,a\t\ ^^"^ "</d/2+Q(2vr|t|). We will therefore write 
On the other hand 



Crf,^|tr'/'-^Jd/2+M2vr|t|)|(pr(t)di. 



But, as \ip\* is a radial function that is "radially decreasing", we may write 
IV'Tl*) = / XB{(},s)i't) diJ,{s) where ^ is a non-negative measure and Xb{o,s) 
is the characteristic function of the ball of center and radius s. It is thus 
enough to prove that, for s < S, 



j 



'd/2+a(l*l)XB(o,s)(i)di 

< / Q,/3|tr'/'~^Jd/2+/3(2vr|t|)xij(o,.)(i)dt. 

Switching to polar coordinates, this is equivalent to proving that : 

Now, it is well known that the graph of a Bessel function Jy {v > —1) 
consists of "waves" that are alternately positive and negative. Moreover, the 
areas of these waves is strictly deceasing. That is, if we denote by jy^k the 
/cth zero of J^, then 



(4.10) 



I \Ju{r)\dr 



is strictly decreasing. As a consequence, we obtain that, for 7 > 0, 



'3v,k + l 



r '^\Jy{r)\dr > 



> 



> 



3v,k + l 

3v,k 
3v,k+2 

3v,k+l 
3iy,k+2 

3v,k+l 



ju,k+i\Mr)\dr 
ju,k+i\Mr)\dr 



f '^1 J;/(r)| dr. 



It follows that, for < 7 < + 1 

r~^\Mr)\dr > C^,^ > 0. 
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On the other hand, from \J,y{t)\ < C^(l+t)-i/2 ^^^^ ^d/2+a(l^l) ^ 

+ |t|)-^('^+l+2") thus 



Cln(l + s) \ia = ^ 

C lia>^ 



which completes the proof. □ 
Remark 4.5. The behavior of Bessel functions used here is a classical result 



was proved originally by Cooke [Coll ICo2| using delicate estimates involving 
the Lommel functions and several properties of Bessel functions. This is lin- 
ked to the Gibbs Phenomena which is best seen for v = 1/2 (the case d = 1, 

sm t 

a = {)) for which Ji/2{t) = ^ • The following estimates can then be found 
in many elementary courses in Fourier Analysis : 

^ sin27rt ^ is if0<s<l/2 
- ^2/5 ifs> 1/2 

, /•*sin27rt 1 

and / > — as s — > +oo. 

Jo TTt 2 

In |Ma| ■ Makai proved (I4.10p for u > —\ in a simpler way using a diffe- 
rential equation approach of Sturm-Liouville type. A particularly simple proof 
of Cooke's Theorem has been devised by Steinig in [St]. 

The range of^'s can be extended to some negative values 7 > —7(1^) where 
7(1^) is defined in an implicite form for —iKuK —1/2, (Askey and Steinig 
[ASj ) and 7(1^) = —1/2 for v > —1/2 (Gasper |Gaj ). This allows to extend 
the theorem to j3 > Further results may be found in |MRj . 

The argument in the proof may be shghtly modified to obtain the follo- 
wing : 

Corollary 4.6. Let d be an integer and let {3 > | and a > —1/2. Let 
5, > 0. Then there exists a constant C = C{d,a,P) such that 99 e L^(R'^) 
with support of finite measure S, for every a G M*^, 

[ 1^(01(1 -|C-a|V^^')+dC 

< c{i + n'^sf/^ [ 0-^^(1- 1^1 Vj^^)+M* (Ode- 

More generally, if iIj e L'^{R'^) n L^{W^) then, for every ip G L'^{R'^) with 
support of finite measure S, 

< c{u\ff' + u\ff''f\i + n'^sf/'[ (i-iciV^^')^M^(Ode. 
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Sketch of proof. Let us write \(p\ = (p then 

e^'f(-)(i-\.\'r+ntMt)dt 



< 



\fi^\*{tM*{t)dt 



where /Xq is the Fourier transform of e*'^(^^(l — One can not expect 

any better behavior of this function then to be in L^nL°° thus, with Lemma 
fia\*it) < C{1 + {tiy^/^. Therefore 



d/2 



Ha\*{rK-'dr < C{l + s) 

(with the obvious abuse of notation). The remaining of the proof of the 
corollary follows the line of the previous proof. 

The second statement is just a refinement of the previous one. We have 
to estimate {'ipl* for which we use that HV'lb = ||V'll2 thus, from Lemma \2M 
m*{t) < CUyt]-'^/^ and llV^lloo < ll^lli thus \i^\*{t) < CIlVlli. Combining 
both estimates, we get 

iv^r(t)<c(ii^ii?/'^ + ii^ii^/'^)'/'(i + iti)-^/2_ 

□ 

Finally, assume that ^ L"^ with support of finite measure 5. Then ip ^ L} 

and 1^(01 < \\p\\^ < 5^/2||(/9||2. Thus 



B{o,n) 



2 1 imid^ 

B{o,n) 



< K{i + n'^s)is^/^\\ip\\2 [ 

Je 



B{o,n) 



with Corollary I4.6[ Using Cauchy-Schwarz, we thus get 



d+l 

2 wh 



1/2 



d^ 



[ ipiOl^dCiCKii + n'^sy 

JB{o,n) \JB{o,n) 

It turns out that this estimate may be improved. This is done in Section [5] 
by adapting a result originally proved for Fourier series in [Mo] . 

5. The Theorem 

Theorem 5.1. Let d > 1 be an integer. Then there exists a constant such 
that, for every set S C M*^ of finite positive measure and every ip G L^(R'^), 



(5.11) 



s jt.* 
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Proof. Let r be defined by \B{0,t)\ = that is 5(0, r) = E*. 
It is enough to prove the theorem for (p G L-'-(M'^) PI L^(R''). 
For A > 0, let B^{X) be the level set 

©^(A) = {x G M'' : \<pix)\ > A}. 

Let us further choose A to be the smallest non-negative real number A such 
that |I])<p(A)| < \B{0,T~^)\. For simplicity of notation, we will write B = 
D<p(A). Let us further write <f = f + g where 

/(^) = f (^(a;)e-2^'^<^'^> dx and g{0 = / (p{x)e~^'''^'''^'> dx. 
Jn JM.d-\o 

First 



< \B{0,t)\( [ \^\*{x)dx] . 



Further, using Parseval's Identity 

/ m\'dc< [ \9m'dc= [ Mx)\'dx 



As l^p < 2|/p + 2|5p, we get 
(5.12) 



(p\*{x)'^ dx. 



\x\>T- 



I m)?d^<2\B{Q,T)\( f i^r(x)dx) +2/ \^\*{xfdx. 

Jt. \Jb{0,t-^) ) J|x|>r-l 

On the other hand, let K = Xb(o,i) * Xb(o,i) ^iid note that 

(i) < < K(0) = ca := \B{0, 1)1 = 

(ii) K is supported in B(0,2), 

Jd/2i27T\x\) 



(iii) = A:2 where k{x) = x^^){a 



|^|d/2 



Further, let K^iO = S^-^I^C/t) and kr{x) = (^^^^^ A;(xr/2). A simple 
computation then shows that 



B(0,t) 



(5.13) 



\^\*{xM*{y) f if,(x)e2-^(--f)dCdxdy 
/ / \^\*ixM*{y)e,{x-y)dxdy:=I 
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Now, using the Poisson representation of Bessel functions, 



[ {l-tY'^^^cos{7r\u\Tt)dt. 
Jo 



(2vr)r(l/2) 
It is then obvious that, for < < l/r, 

= (t.j|B(0,T)|)"/2 

where 



[\l-ty-'/\os{7rt)dt] . 
V(27r)<^/2r(l/2) io ^ ' ^ ' J 



We will now write I > Ii+ 12- For Ii, we restrict the integration in (I5.13P 
to G 5(0, 1/2t) and for /2, the integration is restricted over |x| > l/r 
and |y — x| < 1/tau. 

Let us first estimate Ii : 

h > Vd\B{0,T)\ [[ \^\*{xM*{y)dxdy 

J Jx,yeB{0,l/2T) 

> Vd\BiO,T)\ (^1^^^^ \^\*ix)dx^ . 

Prom 



\f\*{x)dx= / \^\*{x)dx- / \(f\*{x)dx 



we deduce that 



/ ^ |^|*(x)dx>l / j(^r(x)dx. 

II — 2t II — T 

We thus obtain the etimate 

(5.14) i^>!^\b{0,t)\( [ \vnx)dx] . 

On the other hand, if \y\ < \x\, then > so that 

/ \^\*{y)k^,ix-y)dy 

J{yGR'*:|3/|<|x|,|x-y|<l} 



> \^\*ix) I kl{x-y)dy. 

'A<\'^l\'^-y\<^} 
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Using the properties of k^. we then obtain 

W\* {y)kl{x - y) dy 
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{ym.'i ■.\y\<\x\,\x-y\<\} 



> 

> 
> 



A;2(t)dt 

\t\<^,\x+t\<\x\ 

\^\*{x)kUlM\B{0,l/T) n B{x,\x\ 
\ip\*{x)vd\B{0,T)\\B{0,l/2T)\ 
Vd\B{0,l)\^ 



2d 



>r(x) 



provided |rE| > i, since then < t~^, \x + u\ < \x\} D B{-^x/\x\, 1/2t). 

Therefore, as for I2 we have restricted the integration in (I5.13P to (x,y)'s 
such that > ^, \y\ < \x\ and |x — y| < ^, we obtain 

Vd\BiO,l)\^ 



(5.15) 



h > 



2d 



\ip\*{xydx. 



Prom (|5.14D and (I5.15P we get that 



' > - — 

B{0,t) 

X (2|B(0,r)| ( [ 

\ \JB{0,l/r) 



Vdmm{l,\B{0,l)\^) 



2d+i 



\^\*{x)dx\ +2 



> 



t;dmin(l,|5(0,l) 



2d+i 



\^p\*{xfdx 



in view of (I5.12p . as claimed. 



□ 



Corollary 5.2. Let d,> 1 be an integer and let he the constant given by 
the previous theorem. Let be a non-negative function on M.^ that vanishes 
at infinity. Then for every tp ^ L'^' 



i^mm? < >^d 



Proof. For A > 0, Theorem 15.11 implies that 



di. 



di. 



Integrating this inequality over A > and exchanging the order of integration 
gives the result. This comes from the layer-cake representation for the left 
hand side and from the definition of 1-01* for the right side. □ 

It seems natural to us to conjecture that if the characteristic function xs 
of S is replaced by the characteristic function of its complement xs'^ then 
the inequality in (|5.1ip is reversed : 
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Conjecture 1. 

Let d> 1 be an integer. Then there exists a constant Hd such that, for every 
set T, CM.'^ of finite positive measure and every tp ^ L"^' 



(5.16) / |M*(0|'de<K, / |(?(6|'de. 

Let us note that (|5.16p may be rewritten 

JM.d. Jy." jRd Jt. 

As |||v'|*||2 = 11^112' ^^^^ equivalent to 

/|(?(0|'de< fi--) / |(?(o|'de + -/ |M^(e)|'de 

If this conjecture were true, then the following conjecture would follow : 
Conjecture 2. 

Let d > 1 be an integer. Then there exists a constant Cd such that, if S and 
S are two sets of finite measure then, for every ip S L^(M'^), 

Ml<Cde^^^\'\\^\^'^'( [ \^{x)\'dx+ [ \m\'d^. 

yjRd\5 JR''\T J 



This conjecture has been proved in dimension d = 1 by F. Nazarov [Naj and 
for d > 2 and either 5 or S convex by the author in pa]. (The result was 
stated with a constant of the form Cde'^''™'^^'^^'^)!^!'''''''^^^)!^!''''') where uj{S) 
-resp. u;(S)- is the mean width of 5 -resp. S- if this set is convex. But, it 
IS a well known fact that cj(5) < Cd\S\^/'^). 

Let us now show how Conjecture 1 implies Conjecture 2. First, as is well 
known, it is equivalent to show that 

/ l^(e)pde<Qe^'^(i^ii^i)^^'' / \m\"dc 

Jt jr<*\e 
for every (/? G with support in S. But, from Theorem 15.11 

/ 1^(61' de< / |M~*(0|'de. 
Jt Jt* 

Now \ip\* is supported in S* , so that the particular case of Conjecture 2 that 
has already been proved in [Ja] (and |5*| = \S\, = |E|) implies that 



/|^(e)rde<Qe^'^(|^i™^^V |M^(6|'de 

Jt jr<*\s* 
Finally, once Conjecture 1 is established, this would imply that 

Jt JRd\Y 
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Note that it is enough to estabhsh Conjecture 1 for (p with support S of 
finite measure and that one can allow for = Kd{S,Ti) = Ce^^^^^'^^^^^''^ . 

6. An application to the Free Shrodinger Equation 
Let us recall that the solution of the Free Shrodinger Equation 

(6.17) Ud,v + l^^lv = ^ 

with initial data vq G L'^iW^) has solution 

v{x,t) = I e-^"l«l'*+2^'^<^'«Vo(e)de 



(6.18) = (e-^'^l«lVo)-(x) 



i-K\x\'^/t . 



i-K\x\'^ /t 

(6.19) = ^-^e-l-PA^o(^A). 

We may thus apply Corollary 14.61 and Theorem 15.11 to obtain a control of 
v{x,t) over sets of finite measure. This is stated in terms of It^ol* for small 
time and of |?;o|* for large time. More precisely, using respectively (|6.18p and 
(|6.19p . we obtain the following : 

Theorem 6.1. Let v be the solution of (I6.17P and let T, be a set of finite 
measure and let r be defined by \B{0,t)\ = Let (3 > 

(1) For every t > 0, 



\v{x,t)\'^ dx <C / \\iJo\*{Of d^. 



'B(0,r) 

Moreover, if Vo has support of finite measure S, then 
[ \v{x,t)\dx<Cm'/'{l + m'/y/\l + S) [ {l-\C\')i\€o\*{Od^. 

(2) For every t > 0, 



\v{x,t)\^ dx < Ct"" \\vo\*iC/t)\ d^. 

Jb{0,t) 

(6.20) = / |N*(6|'^- 

JB{(},T/t) 

Moreover, if vq has support of finite measure S, then 

[ \v{x,t)\dx<cm^/\i + m^/''/t)''/^ii+s)^/^ [ (i-ici')^N*(6'^e- 

Here C is a constant that only depends on d and on (3. 
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For the second part of each statement, we have used ip = XT: and = 1 
in Corollary 14.61 and a trivial change of variables. 

Let us remark that, using Holder and Hausdorff- Young, we have for 1 < 

1 1 

q < +CX), - + - = 1 
q q' 



L 



B{0,T/t) 



\vo\*iC)\ 



< 



XB{o,T/t)\\vo\*{C)\ 

|2 



XB(0,T/t) 



\vo\HO 



< 



|i?(0,r/t)|V5 \\M*iO\ 



q' 

2 

2q' 



2q 



Setting p = -^^-j e [1,2], it follows from (fOOjl that 



\v{x,t)\'^dx < C 



td(2-p) \\M\p- 



This estimate can also be obtained directly from the standard dispersive 
estimate 



\v{x,t)\'idx 



1/9 



<Ct 9. 



Pol 



( — I — - = 1, q>2) and Holder's inequality. The estimate (I6.2QP is slightly 

more precise and also shows that the case of radial initial data is somehow 
the worst case. 



7. Concluding remarks 

For the clarity of exposition, we have chosen to deal only with the d- 
dimensional radial decreasing rearrangement of functions. An alternative 
would have be to deal with the 1-dimensional (resp. fc-dimensional) symme- 
tric decreasing rearrangement defined as follows : for a set -E C of finite 
measure, we define E* = [—a, a] where a = \E\/2 (resp. E* = B{0,r) C M'^ 
with 1-6(0, r)|fc = One can then define the symmetric decreasing rear- 

rangement of functions through the layer cake representation : 

r+oo 

Jo 

This rearrangement as similar properties to the one we considered so far. 
One may then adapt directly the proofs of Theorems 14.31 and 15.11 to obtain 
the following results : 

Theorem 7.1. Let d> 1 be an integer. 
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(1) Let a > —1/2, (3 > 0. Let S,Q > and let -0 be as in Theorem 
\4-3\ Then there exists a constant C = C{d,a,(3) such that, for every 
ip G L^{'K'^) with support of finite measure S, for every a;,a G M.'^, 

< cm'^s) / (1 - \c\yn')1\^*iO de 

(2) There exists a constant such that, for every S G M'^ o/ finite 
measure ad every (p G L^(M°'), 
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